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Abstract:  There is a growing interest in using high-strength steel (HSS) in concrete structures due to its 
numerous benefits, including reduced congestion, improved concrete placement, cost savings, and 
environmental benefits. However, as steel strength increases, serviceability limits become more crucial. 
Several studies have focused on understanding behaviour in shear and cracking mechanisms of reinforced 
concrete beams reinforced with HSS. Factors such as concrete strength, transverse reinforcement, 
longitudinal reinforcement, and beam section size all influence shear crack widths. Existing design codes, 
however, solely address tensile and flexural cracking, lacking applicability to shear crack widths. Therefore, 
it is essential to study shear crack behaviour and develop an accurate design model for incorporating HSS 
as transverse shear reinforcement. This study presents a validated model for calculating shear crack widths 
in RC beams, showing good accuracy in predicting cracking in reinforced concrete structures.
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1. Introduction
There is increasing interest in the use of high-strength steel (HSS) in concrete structures as it offers 
advantages such as reducing congestion in heavily reinforced sections, improved concrete placement, 
savings in labour and materials costs, and environmental benefits such as better utilisation of resources and 
lower CO2-eq emissions. However, as steel strengths progressively increase, serviceability limits may 
become more critical.

Cracking is an important consideration in the design of a reinforced concrete (RC) member and could 
adversely affect a structure’s serviceability performance. Early studies [1, 2] focused on tensile and flexural 
crack behaviour of RC members. During the last decades, several studies have been conducted to understand 
the shear failure behaviour and shear cracking mechanisms of RC beams. Research shows that shear crack 
widths can be affected by parameters such as the concrete’s compressive strength [3], the amount of 
longitudinal reinforcement [4], the quantity, arrangement, and ratio of transverse reinforcement [5], and side 
face cover to the transverse reinforcement [6, 7]. Sherwood et al. [8] showed that beam section size influences 
the crack width, as the crack widths increases with the increasing distance from the longitudinal reinforcement.

Malm [9] noted that shear cracks could be detrimental in large structural members and suggested that crack 
width control may be achieved by limiting the stress increment in the longitudinal reinforcement in a passive 
manner. The leading international design codes offer multiple models for predicting tensile and flexural crack 
widths, but they do not include any models for estimating shear crack widths. Thus, in the incorporation of 
HSS as transverse shear reinforcement in RC beams, it is important to study the shear crack behaviour and 
develop appropriate, and accurate, design models.

2. Cracking behaviour of reinforced concrete beams
2.1 General
The strength model of AS3600:2018 [10] and AS5100.5:2017 [11] are based on the simplifications in 
Simplified Modified Compression Field Theory (SMCFT) [12]; however, while the SMCFT conveniently 
estimates the ultimate shear strength of structural members, it is not designed to predict the behaviour at 
the serviceability limit state (SLS). The crack width of RC beams at SLS can be established with some 
modifications to the Modified Compression Field Theory (MCFT) equations given in Table 1 [13]. Details of 
the proposal for this are discussed below.



Table 1. Equations of Modified Compression Field Theory [13].

1. Equilibrium equations:

   1 cotx x sxf f f v (1)

   1 tanz z szf f f v (2)

   a. Average stresses:

    1 2( ) / (tan cot )f f (3)

      ( cot cot ) /sxcr x ci xf f (4)   b. Stresses at cracks:

      ( tan tan ) /szcr z ci zf f (5)

2. Geometric Conditions:

         2
2 2tan x z (6)

     1 2x z (7)

   a. Average strains:

     22( )cotxz x (8)

  1w s (9)   b. Crack widths:

      1sin cosx zS s s (10)

3. Stress- Strain Relationships:
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   b. Concrete:
 1 10.33 (1 500 )cf f (14)

   c. Shear stress on crack:       0.18 0.31 24 16f w aci c g (15)

2.2 Principal Tensile Strain (1)
The shear strength of concrete members is influenced by many geometric and loading effects, including 
percentage of reinforcement, applied moment, shear, and axial force and others. All these effects are 
captured in a single parameter being the average strain in the longitudinal direction, x, at a given depth of 
the beam [12]. The larger this strain, the wider the cracks. The strain in longitudinal steel (sx) due to moment 
and shear can be calculated as:

(16)    0.5 cot 0sx s v s v s stM d V E A

where Vs = service shear at critical section, Ms = service moment at the section where shear is being 
calculated, dv = effective shear depth taken as maximum of 0.72D and 0.9d, D = total depth of the section, 
d = distance to centroid of longitudinal steel from the extreme compression fibre, Es = modulus of elasticity 
of reinforcing steel and Ast = total longitudinal steel area in flexural tensile zone. It is notable that Eq. 16 is 
derived under the assumption that the member is already flexurally cracked. If this assumption is not yet 
valid, the equation may yield conservative results (flexural cracking can be readily checked using the 
principles of mechanics).

The critical shear occurs either at distance dv from the support, in the case of a uniformly distributed load, 
or dv from the load application location, for the case of a point load. At service loading the depth to the 
neutral axis (dn) is at a greater depth in the section than at ultimate. Considering plane sections remain 
plane, the average longitudinal strain, x, at mid depth of the section can be calculated from geometry.



In the MCFT, the average principal tensile strain 1 in the cracked concrete is used as a “damage indicator” 
that controls the average tensile stress in the cracked concrete. After cracking, the principal tensile stress 
f1 in the concrete is related to the principal tensile strain 1 as given in Eq. 14 of Table 1.

The principal compressive stress f2 is related to the principal tensile stress f1, which can be obtained by re-
arranging Eqs. 2 and 3 as:

(17)    2 1(tan cot )v vf f

where  is the shear stress in the concrete and can be obtained by rearranging Eq. 2 in Table 1 as:

(18)    1cot cotv z v vf f

and where z = transverse reinforcement ratio, fv = stress in transverse reinforcement. In the strength limit 
condition, the stress f2 in Eq. (8) is limited by the crushing strength of the concrete, f2,max:

(19)   2 2max 10.8 170cf f f

It is notable that crushing of the diagonal struts will not control at serviceability loads.

The principal compressive strain 2 can be calculated from Eq. 13 in Table 1 as:

(20)    2 0 2 2max1 1 f f

where 0 is the peak strain and may be approximated as equal to 0.002.

From strain compatibility, the principal tensile strain 1 can be related to longitudinal strain  x, the direction 
of the principal compressive stress v and the magnitude of principal compressive strain  2 in the following 
manner [14]:

(21)      2 2
1 2(1 cot ) cotx v v

From Eq. 21, it is observed that with increasing x and decreasing v, 1 becomes larger.

The strain in transverse direction sz is related to v and can be obtained by rearranging Eq. 6 as:

(22)   2 2
1 2 tan 1 tansz v v      

and the stress in the transverse reinforcement determined from Eq. 12.

2.3 Crack spacing and width
Several formulations exist in literature for assessment of crack spacing. For instance, the CEB-FIP Model 
Code [15] estimates the spacing between cracks as:

(23)     1 22 10m bl efS c s k k d

where c is concrete cover, k1 is a coefficient that accounts for bond between the reinforcement and concrete, 
k2 is a coefficient that accounts for the strain distribution within the tensile zone, dbl is the longitudinal bar 
diameter, s is the spacing between the longitudinal reinforcement and ef is the effective reinforcement ratio. 
Similarly, EN 1992 [16] adopts a modified version of Eq. 23, with:

(24)    1 23.4 0.425m bl efS c k k d

Deluce et al. [17] modified the CEB-FIP formulation as given in Eq. 23 to add biaxial conditions, which occur 
when flexural and shear are combined, as well as including beneficial effects of steel fibres. Excluding the 
contribution of fibres, the Deluce et al. equation for a biaxial strain condition is:

(25)     1 1 2 1 .2 10m a b mi m limitS c s k k s S

where ca is the effective concrete cover, which can be taken as 1.5 times the maximum aggregate size. The 
parameter k1 = 0.4 for deformed bars and k2 is determined as , where 1 and 2 are    2 1 2 10.25( ) / 2k



the largest and smallest tensile strains in the concrete, respectively. In this study a limit is applied to the 
calculated crack spacing (Sm.limit) and is discussed below.

For uniaxial strain condition k2 = 0.25, smi1 is the reinforcement effectiveness parameter for a biaxial strain 
condition and, for the case where shear reinforcement is normal to the axis of the member, can be 
determined from:

(26)       2 2
1 sin cosmi sl bl v st bt vs d d

The parameter sb1 is the effective longitudinal bar spacing in the principal tensile direction, and for a flexural-
shear biaxial strain condition, with transverse reinforcement at 90 degrees to the longitudinal axis, is be taken as:

(27)      
    

1
4 4
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where l and t and Abl and Abt are the reinforcement ratios and areas of a single bar, respectively, in the 
longitudinal and transverse directions, respectively, and v is the angle of a rotating shear crack relative to 
the longitudinal axis of the member and is taken as normal to the principal tensile direction.

Collins and Mitchell [18] modified Eq. 23 to account for the influence of shear in the shear critical zone as:

(28a)   12 10 0.25mx x x bl lS c s k d D    

(28b)   12 10 0.25mz z bz zS c s k d D   

where, cx is the maximum distance from the longitudinal reinforcement (Figure 1), cz is the maximum 
distance from the transverse reinforcement (taken as one-half of the distance between legs, in mm), dbl is 
the diameter of the longitudinal reinforcement, dbt is the diameter of the transverse reinforcement, s is the 
spacing between the transverse reinforcement, Smx is the crack spacings characteristics of the longitudinal 
reinforcement, Smz is the crack spacings characteristics of the transverse reinforcement l is the longitudinal 
reinforcement ratio, z is the transverse reinforcement ratio. In this study a limit of D is placed on the 
longitudinal crack spacing component determined in Eq. 28a, with  taken as 1.0. In Eqs. (23) to (28), length 
dimensions are in mm and bar areas in mm2.

The diagonal crack spacing is calculated from its longitudinal and transverse components as:

(29)  1
.sin cosm v mx v mz m limitS s s S       

Like that above for the Deluce et al. approach, an upper limit of 
Sm.limit is placed on the crack spacing.

The average crack width, wcr,avg, is the product of the principal 
tensile strain and the average spacing:

(30)  , 1cr avg mw S

The spacing of cracks exhibits random variation across a 
significantly broad range, which results in a correspondingly wide 
variation in crack widths. According to CEB-FIP [15], the 
maximum crack width can be estimated as:

(31),max ,1.7cr cr avgw w

2.4 Model development for estimating crack widths at SLS
The mathematical relationships described through Eq. 16 to 31 are needed to predict the shear crack width 
using a method of iteration. The required calculations follow the methods described in Collins and 
Mitchell [18] and are as follows:

Step 1: Calculate service shear (Vs) and service moment (Ms) at the section where shear crack width 
is being calculated.

Figure 1.  Definitions for crack
                 spacing calculations.
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Step 2: Calculate strain in longitudinal reinforcement, sx using Eq. 7.

Step 3: Calculate average longitudinal strain, x at the mid depth of the section from geometry by 
calculating the depth of neutral axis, dn.

Step 4: Estimate a value for principal tensile strain, 1 (a first estimate of 1 = x + 0.0005 may be used).

Step 5: Estimate compressive strut angle, v (as a first estimate, a value of v equal to that determined 
for the strength may be used). In the simplified method that follows, v is taken as that 
determined for the strength limit condition.

Step 6: Estimate stress in transverse steel, fsz (an initial value of fsz = 50~150 MPa may be selected, 
with lower values for tighter crack control).

Step 7: Calculate principal tensile stress f1 from Eq. 14.

Step 8: Calculate shear stress, , from Eq. 18.
Step 9: Calculate principal compressive stress f2 from Eq. 17.

Step 10: Calculate principal compressive strain, 2, from Eq. 20.

Step 11: Calculate principal tensile strain, , from Eq. 21.

Step 12: Check if 1 (Step 11) = 1 (Step 4). If not, set the new value for 1, based on that calculated, 
and repeat Steps 4 to 11. Iterate until the strain calculated is within a selected tolerance.

Step 13: Calculate the transverse strain, sz in stirrups using Eq. 22. and the stress in transverse steel, 
fsz, from Eq. 12.

Step 14: Check if fsz (Step 13) = fsz (Step 6). If not, take new value for fsz and repeat Steps 6 to 13. 
Iterate until the stress calculated is within a selected tolerance.

Step 15: Calculate the axial force N in the member based on:

(32)1 cotsx sx w v vN A f f b d V   

Verify if the result for N in Step 15 is equal to the applied axial load on the member, which is 
usually zero. If not, calculate a new estimate for v such that N equals the axial load on the 
member and return to Step 5. Iterate until N (or v) is within the selected tolerance. 

In a simplified approach, the value for v is be taken as equal to that determined for the strength 
limit condition in accordance with AS 3600:2018 [10], and iteration on N (step 15) is 
unneeded.

Step 16: Calculate diagonal crack spacing either from Eq. 23, 25 or 29.
Step 17: Calculate maximum diagonal crack width wcr,max from Eq. 30 and 31.

3. Model Validation
3.1 General
In this section, the cack width models described above are tested against a database of collected tests and 
given in Table 2, with crack spacings determined using the Collins and Mitchell model [18]. In addition, crack 
widths are calculated using the program Response-2000 [19]. In the calculations, the service load is taken 
as 60 percent of the failure load of the experiment.

3.2 Crack spacing
The average diagonal crack spacing for 17 beams reported in the literature, and listed in Table 2, is 
analysed. The longitudinal reinforcement ratio (l) varies between 0.55% and 4.1%.

In Figure 2, the average diagonal crack spacings for these beams were calculated using the approaches of 
Deluce et al. [17], given by Eqs. 25–27, and Collins and Mitchell [18], as given by Eqs. 28 and 29, are plotted 
against the longitudinal reinforcement ratio, l, in %. Figure 2a compares the models without a limitation 
imposed on the crack spacing to the experimental data; Figure 2b is plotted with the maximum calculated 
spacing taken as Sm.limit = 400 mm.



Table 2. Summary of database for validation of crack width model.

Reference Specimens fcm  (1) (MPa) fsy  (2) (MPa) fsy.f  (3) (MPa)

[20], [21] RM1(4), RM2(4), MR1(4), MR2(4), MR3(4), 
MR4(4), MM1(4), MM2(4), MM3(4), MM4(4)

48 – 53 408 – 920 426 – 830

[22], [23] G1-M80(4), G2-M80(4) 33 830 550

[24], [25] C-C-6, C-M-6, M-M-6(4), C-C-4(4), C-M-4(4), 
M-M-4(4), C-C-3(4), C-M-3(4), M-M-3(4)

27 – 33 427 – 827 427 – 827

[26] S30-4, S40-2, S40-3, S40-4, S40-5, S40-6, 
S50-2, S50-3, S50-4, S50-5, S50-6, S80-2, 
S80-3, S80-4, S80-5, S80-6

33 – 81 530 – 554 378 – 750

[27] B34-3, B34-5, B42-2, B42-3, B42-4, B42-5, 
B42-6, B68-2, B68-3, B68-4, B68-5, B68-6

34 – 68 648 334 – 667

[28] M2-N(4), H2-N(4), N2-N, M2-S, H2-S 36 – 87 400 430

Notes: (1) fcm = mean concrete strength; (2) fsy = yield strength of the longitudinal reinforcement; (3) fsy.f = yield 
strength of the shear ligatures; (4) specimens where crack spacing data is reported or extracted.
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Figure 2: Longitudinal reinforcement ratio versus diagonal crack spacings: (a) no limit 
on calculated crack spacing; (b) with Sm.limit = 400 mm.

The findings from Figure 2 suggest that both the modified Deluce et al. [17] and Collins and Mitchell [18] 
models exhibit a conservative behaviour, showing that their predicted crack spacings tend to be on the safe 
side when compared to the experimental data (noting that larger spacing gives larger crack width; see Eq. 30).

3.3 Crack width
The shear crack model, as explained in Section 2.4, has been employed to analyse a dataset comprising 
54 beams with both conventional and high-strength (HS) steel longitudinal bars and ligatures. The 
longitudinal bar yield strengths ranged from 400 MPa to 920 MPa, with ligature yield strengths from 330 MPa 
to 830 MPa. Details of the tests conducted are provided in Table 2.

To determine the crack widths, the models outlined in Section 2 were utilised; the average and maximum 
crack widths were calculated using Eqs. 30 and 31, respectively. The limit on the crack spacing was taken 
as Sm.limit = 400 mm. For each case, calculations and comparisons are made at a load corresponding to 60 
per cent of the failure load of the experiment.

In addition to comparing with the model developed in this paper, we compare results with the outcomes of 
models analysed using the software Response-2000 [19]. In the Response-2000 analyses, the maximum 
crack widths are determined at the critical section for shear, specifically at a distance dv from the applied 
point load, with the maximum found through the depth of the section. This typically occurred at about 60 per 
cent of the section’s depth (measured from the top). No factor is applied to the resulting crack widths (that 
is crack width outputs are taken as maximum widths, not average widths).

(a) (b)



It is found from the comparisons of the models to the test data that the analyses provide for appropriately 
conservative predictions of crack widths. It is also found that the simplified model with v taken as that for 
strength performs at least as well as that of the full model, requiring one less iterative loop.

It is to be noted that the larger crack widths depicted in Figure 3 correspond to cases where HS longitudinal 
reinforcement is employed, resulting in higher deflections at the service load, which, in this study, is set at 
60% of the failure load of the test specimens. It is improbable that HS longitudinal reinforcement can be 
effectively used for flexure in beams, except in cases involving stocky and non-flexural members. Of the 
models compared, as is to be expected, the Response-2000 model, which is based on the fully detailed 
MCFT, performs the best.
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Figure 3: Experimental versus predicted crack widths: crack spacings of (a) Collins and 
Mitchell; (b) Response-2000; (c) and (d) Collins and Mitchell and Deluce et al. 
with v taken as that for the ULS, respectively (Sm,limit = 400 mm).

In Figure 4 the model error (ME) for lower half data is presented on a normal probability plot for (a) the 
simplified approach to the Collins and Mitchell model and (b) the Response-2000 analysis. The figure shows 
the results to be approximately normally distributed. For the simplified Collins and Mitchell model the mean 
and coefficient of variation (CoV) are 1.52 and 0.27, respectively, and for the Response-2000 analysis 1.26 
and 0.24, respectively. For a 75 per cent confidence of a 90 per cent characteristic crack width not being 
exceeded, the result from the model is multiplied by 1/[mean(ME) (1 – 1.43 x CoV)], based on n = 54 tests. 
For the Simplified Collins and Mitchell model, this equates to a factor of 1.07; whereas, for the Response-
2000 model, the factor is 1.21.

(a) (b)
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Figure 4: Model error versus normal inverse probability (a) simplified Collins and Mitchell 
model; (b) Response-2000.

3.4 Comments on long-term effects
Currently, there is a lack of research on the long-term effects, particularly related to creep and shrinkage, 
on the width of shear cracks. Despite this gap in knowledge, there have been no reported concerns 
regarding these effects. Creep and shrinkage are intricate phenomena known to widen the widths of flexural 
and imposed restraint cracks in structural elements.

In contrast to flexural elements, however, where both creep and shrinkage typically widens cracks, shear 
elements experience crack opening due to shrinkage and crack closing due to creep. Moreover, the Poisson 
effect comes into play, where creep in compressive struts between cracks tends to counteract crack 
widening by promoting closure. For this reason, it may be postulated that long-term influences are less 
important in the consideration of crack width in the shear regions of elements in flexure-shear.

4. Conclusions
The utilisation of HSS in concrete structures has gained significant attention due to its significant advantages 
in reducing congestion, cost savings, and environmental benefits. However, with the increase in steel 
strength, the importance of serviceability limits, such as crack widths, becomes more pronounced.

In this study, a validated model was presented for calculating shear crack widths in RC beams, which 
demonstrates reasonable accuracy in predicting complex cracking behaviour shear regions of RC beams. 
By addressing this aspect, the research aims to facilitate the efficient and reliable utilization of HSS in 
concrete construction. The Simplified Collins and Mitchell and the Response-2000 models are 
recommended for design.
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